Representations of finite Lie algebras  by Du, Jie & Shu, Bin
Journal of Algebra 321 (2009) 3197–3225
www.elsevier.com/locate/jalgebra
Representations of finite Lie algebras
Jie Du a,∗, Bin Shu b
a School of Mathematics and Statistics, University of New South Wales (UNSW), Sydney NSW 2052, Australia
b Department of Mathematics, East China Normal University, Shanghai 200062, China
Received 23 January 2008
Available online 21 July 2008
Communicated by Andrew Mathas and Jean Michel
Dedicated to Gus Lehrer on the occasion of his 60th birthday
Abstract
We develop an approach to investigate representations of finite Lie algebras gF over a finite field Fq
through representations of Lie algebras g with Frobenius morphisms F over the algebraic closure k = F¯q .
As an application, we first show that Frobenius morphisms on classical simple Lie algebras can be used to
determine easily their Fq -forms, and hence, reobtain a classical result given in [G.B. Seligman, Modular
Lie Algebras, Springer-Verlag, Berlin, 1967]. We then investigate representations of finite restricted Lie
algebras gF , regarded as the fixed-point algebra of a restricted Lie algebra g with restricted Frobenius
morphism F . By introducing the F -orbital reduced enveloping algebras Uχ(g) associated with a reduced
enveloping algebra Uχ(g), we partition simple gF -modules via F -orbits χ of their p-characters χ . We
further investigate certain relations between the categories of g-modules with p-character χ , gF -modules
with p-character χ , and gF -modules with p-character σ  χ , for an automorphism σ of g. Finally, we
illustrate the theory with the example of sl(2,Fq).
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Over the last fifty years, the study on representations of finite dimensional (restricted) Lie al-
gebras over algebraically closed fields of positive characteristics has made significant advances;
see, e.g., the surveys [8,11]. See also [22] for work on representations of algebraic groups over
non-algebraically closed fields. However, there seems to be no systematic work on representa-
tions of finite dimensional Lie algebras over finite fields Fq . In this paper, we attempt to tackle
the problem by investigating representations of Lie algebras with Frobenius morphisms over the
algebraic closure k of Fq .
In [2,3], B. Deng and the first author investigated the representation theory of finite dimen-
sional k-algebras A with Frobenius morphisms F . Through this theory, representations of the
fixed-point algebras AF are embedded into the representation category of A as F -stable rep-
resentations. This provides an effective approach—a going-down approach [4]—to completely
determine representations of all finite algebras over finite fields.
We will mimic the approach given in [2] to develop a general theory which directly links
representations of a Lie algebra g over k with those of gF over Fq . This includes a connec-
tion between simple/indecomposable modules of g and gF via the Frobenius twist functor. As
an application, we first classify all Fq -forms of classical simple Lie algebras g through the ac-
tion of the automorphism group Aut(g) of g on the set of all Frobenius morphisms on g. We
then apply this to restricted Lie algebras with p-map 〈p〉 and restricted Frobenius morphisms
through their reduced enveloping algebras Uχ(g) defined by linear functions χ on g. Like the
partition of simple g-modules in terms of their p-characters and Aut(g)〈p〉-orbits, we parti-
tion simple gF -modules in terms of the F -orbits χ of their p-characters χ through the full
subcategory gF -modχ . By introducing the F -orbital reduced enveloping algebras Uχ(g) and
the Frobenius morphisms Fχ on Uχ(g), we characterize the objects in gF -modχ by Fχ -stable
Uχ(g)-modules (Theorem 5.14), and describe the latter in terms of g-modules in g-modχ with
the same F -period as χ (Theorem 5.10). We further develop an approach to classify simple
gF -modules.
It would be interesting to point out that Frobenius morphisms as a tool have a wide range of
applications in characteristic p theory. For example, Lehrer [15] (see also [14]) used Frobenius
morphisms on connected reductive groups and their Lie algebras to investigate Fourier transforms
of invariant functions on finite simple Lie algebras.
We organize the paper as follows. In Section 2, we introduce Lie algebras with Frobenius
morphisms and their basic properties. In Section 3, we discuss the Frobenius twist functor on Lie
algebra representations. Thus, we introduce F -orbits and F -periods of representations, F -stable
representations and the construction of indecomposable F -stable representations. As a first ap-
plication, we determine in Section 4 all Frobenius morphisms on a classical simple Lie algebra
g up to conjugacy classes in the automorphism group of the corresponding Dynkin diagram, and
thus, determine all the Fq -forms of the Lie algebra. From Section 5 onwards, we investigate the
representation theory of restricted Lie algebras with Frobenius morphisms. We apply in Section 5
the general theory developed in previous sections to representations of restricted Lie algebras g
with a p-map 〈p〉 and its associated finite Lie algebra gF , and introduce the full subcategory
gF -modχ of gF -mod for every F -orbit χ of p-characters. We further develop in Section 6 meth-
ods to classify simple gF -modules via certain relations between simple gF -modules in gF -modχ
and gF -modχ ′ , where χ and χ ′ are in the same Aut(g)〈p〉-orbit. Finally, as example, we compute
in Section 7 simple representations of sl(2,Fq).
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gebraic closure F¯q of Fq . Let f : k → k be the field automorphism sending a to aq . Then Fq
identifies with the fixed-point subfield kf = {λ ∈ k | f(a) = a}. All module categories of Lie or
associative algebras such as g-mod, gF -mod or Uχ(g)-mod are finite dimensional module cate-
gories.
2. Lie algebras with Frobenius morphisms and F -stable modules
Let V and W be two vector spaces over k. An abelian group homomorphism (respectively
isomorphism) g from V to W is called a q-semilinear map (respectively isomorphism) if g(av) =
aqg(v) = f(a)g(v) for all v ∈ V and a ∈ k. A q-semilinear automorphism F on V satisfying, for
any v ∈ V , Fn(v) = v for some n > 0, is called a (q-)Frobenius map. The smallest r satisfying
F r(v) = v is called the F -period of v, denoted by p(v) = pF (v).
A Frobenius map F on V determines an Fq subspace—the fixed point space:
V F = {v ∈ V ∣∣ F(v) = v}
which forms an Fq -structure of V . (An Fq subspace V0 of V is called an Fq -structure of V if
the natural k-linear map V0 ⊗Fq k → V is a k-space isomorphism.) Conversely, given an Fq -
structure V0 of V , there is a natural Frobenius map F = idV0 ⊗ f on V = V0 ⊗ k sending v ⊗ a
to v ⊗ aq such that V0 = V F . Thus, Frobenius maps on V characterize the Fq -structures of V .
Note that a q-semilinear automorphism on an infinite dimensional k-space is not necessarily
a Frobenius map.
Remarks 2.1. (1) For k-spaces V,W with Frobenius map FV ,FW , respectively, there is an in-
duced q-semilinear automorphism
F(V,W) : Homk(V ,W) → Homk(V ,W); f 
→ F(V,W)(f ) = FW ◦ f ◦ F−1V .
If V is infinite dimensional with a basis {vi}i∈N, one may construct an f such that f (vi) = aiw
where 0 = w ∈ W is fixed and ai ∈ Fqi+1 \ Fqi . Since FnW (aiw) = aiw implies n > i, it follows
that, Fn(V,W)(f ) = f for all n > 0. This also shows that, if V is finite dimensional, then F(V,W)
is a Frobenius map.
(2) Let V be of finite dimensional with a Frobenius map F , and let V ∗ be the dual space
of V . Then F ∗ = F(V,k) is a Frobenius map on V ∗. For χ ∈ V ∗, let χ [1] = F ∗(χ) = f ◦ χ ◦F−1.
Thus, χ = χ [1] if and only if χ(V F ) ⊆ Fq . By restriction, we may identify the Fq -space (V ∗)F ∗
as (V F )∗.
In general, a simple application of Lang–Steinberg’s theorem1 shows that a q-semilinear auto-
morphism on a finite dimensional vector space is necessarily a Frobenius map (see, e.g., [3, 2.2]).
Thus, if V is finite dimensional, then an abelian group automorphism F on V is a Frobenius map
if and only if
F(av) = f(a)F (v) for all a ∈ k, v ∈ V.
1 This theorem asserts that if G be a connected affine algebraic group and Φ a surjective endomorphism of G with a
finite number of fixed points, then the map L : g 
→ g−1Φ(g) from G to itself is surjective; see, e.g., [5, 3.10].
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Definition 2.2.
(1) Let g be a Lie algebra over k. A Frobenius map F = Fg : g → g is called a Frobenius
morphism on g if
F [xy] = [F(x)F (y)] for all x, y ∈ g.
(2) Let g be a Lie algebra over k with Frobenius morphism F and let V be a g-module. A Frobe-
nius map FV : V → V is called a module Frobenius map if
FV (xv) = F(x)FV (v) for all x ∈ g, v ∈ V.
Clearly, a Frobenius morphism F on g is also a Lie algebra Fq -automorphism, and the Fq -
structure gF of g is itself a Lie algebra over Fq . If a g-module V admits a module Frobenius
map FV , then V FV is a gF -module.
If g = A− is the Lie algebra obtained from an associative algebra A with the Lie product
[xy] = xy − yx for all x, y ∈ A, then any Frobenius morphism on A in the sense of [2] induces
a Frobenius morphism on A−.
Example 2.3. Let V be a finite dimensional k-space with a Frobenius map FV . Then the induced
Frobenius map F ′ = F(V,V ) on Endk(V ) gives rise to an algebra isomorphism [2, 2.4], and
Endk(V )F
′ ∼= EndFq
(
V FV
)
.
Putting gl(V ) = Endk(V )−, we obtain a Frobenius morphism F ′ on gl(V ) and a Lie algebra
isomorphism gl(V )F ′ ∼= gl(V FV ). If, in addition, V admits a module Frobenius map FV , then
restriction gives the algebra isomorphism
Endg(V )F
′ ∼= EndgF
(
V FV
)
.
Conversely, a Frobenius morphism on a Lie algebras naturally induces a Frobenius morphism
on its universal enveloping algebra.
Lemma 2.4. Let U(g) be the universal enveloping algebra of g. Then a Frobenius morphism F
on g induces naturally a Frobenius morphism F on U(g) satisfying U(g)F = U(gF ).
Proof. Let x1, x2, . . . be an ordered basis for g, and xn1i1 · · ·x
nl
il
(i1 < · · · < il) be the associated
PBW basis for U(g). Extending F to U(g) by sending xn1i1 · · ·x
nl
il
to F(xi1)
n1 · · ·F(xil )nl , we see
easily that it is a Frobenius morphism on U(g). To see the last equality, we simply take the basis
x1, x2, . . . to be a basis for gF . 
The notion of Frobenius morphisms on Lie algebras is also closely related to the Fq -forms
of Lie algebra. Recall that a k′-subalgebra g′ of g, where k′ is a subfield of a field k, is called a
k′-form (or k′-structure) of g if the natural homomorphism from g′ ⊗k′ k to g is an isomorphism
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structure of g. We refer to [17, IV], [23, V] and [21, §2] for a general theory on forms and its
extension to algebraic groups.
Clearly, an Fq -form g0 of g can always be interpreted as gF for some Frobenius morphism
on g. This motivates the following definition.
Definition 2.5. Let Fq(g) be the set of all Frobenius morphisms on g. We define an equivalence
relation ∼ on Fq(g) by setting, for F1,F2 ∈ Fq(g), F1 ∼ F2 if and only if gF1 ∼= gF2 as Lie
Fq -algebras.
Thus, the determination of Fq -forms of g is equivalent to the determination of equivalence
classes of Frobenius morphisms. On the other hand, the automorphism group Aut(g) of g acts
naturally on Fq(g): for any σ ∈ Aut(g), it is easy to see by direct verification that σ ∗ F :=
σ−1 ◦ F ◦ σ is still a Frobenius morphism on g. The following result describes the equivalence
classes in terms of the Aut(g)-orbits.
Lemma 2.6. Let g be a finite dimensional Lie algebra, and let F1 and F2 be two Frobenius
morphisms on g.
(1) F1 = F2 if and only if gF1 = gF2 ;
(2) F1 ∼ F2 if and only if F1 = σ ∗ F2 for some σ ∈ Aut(g).
Proof. (1) The “only if” part is clear. Conversely, suppose gF1 = gF2 = g0. Choose a basis
{x1, . . . , xl} for g0 (and hence for g). For any x ∈ g with x =∑aixi , we have F1(x) =∑aqi xi =
F2(x), proving F1 = F2.
(2) Suppose F1 ∼ F2. By definition, there is an Fq -isomorphism σ from g1 := gF1 to
g2 := gF2 . Then σ can be extended naturally to an automorphism on g, which is still denoted
by σ . We claim F1 = σ ∗F2. Indeed, by (1), this is equivalent to g1 = gσ∗F2 , or to g1 ⊆ gσ∗F2 by a
comparison of dimensions. The latter can be easily verified. Conversely, if F1 = σ ∗F2 for some
σ ∈ Aut(g), then x ∈ g1 if and only if σ(x) ∈ g2, which implies that σ is an Fq -isomorphism
from g1 to g2. Hence, F1 ∼ F2. 
As an application, we shall determine the equivalence classes of Frobenius morphisms on
classical simple Lie algebras in Section 4.
Remarks 2.7. (1) If we modify the space structure on V , then a Frobenius map on V can be
described as a certain linear isomorphism to the new structure.
For each k-space V and r  1, let V (r) be the new vector space obtained from V by a base
change via fr : V (r) = V ⊗fr k. Thus, putting v(r) = v ⊗ 1, we have
(u+ v)(r) = u(r) + v(r), (av)(r) = aqr v(r).
So we have V (r) = V as abelian groups together with a new scalar multiplication
a  v = qr√av.
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that a map F : V → V is a Frobenius morphism if and only if F ◦ τ−1V : V (1) → V is a linear
isomorphism.
(2) For a k-linear map φ : V → W , the map φ(r) := φ ⊗ 1 : V (r) → W(r) is again a k-linear
map. Thus, we obtain an exact additive functor ( )(r) from the category of k-spaces onto itself.
Note that, using the identification V = V (r) and W = W(r) (with new scalar multiplications), we
have φ = φ(r).
(3) If g is a Lie algebra over k, then so is g(1), and τg : g → g(1) becomes an Fq -algebra
isomorphism. Clearly, a map F : g → g is a Frobenius morphism if and only if F ◦τ−1g : g(1) → g
is a Lie algebra isomorphism.
A g-module V with a module Frobenius map is called an F -stable module. We shall see in
Section 3 that not every g-module V admits a module Frobenius map.
Definition 2.8. Define a new category g-modF whose objects are pairs (V ,f ), where V is a
(finite dimensional) F -stable g-module and f is a module Frobenius map, and whose morphisms
are given by
Homg-modF
(
(V ,f ), (W,g)
)= {θ ∈ Homg(V ,W) ∣∣ θ ◦ f = g ◦ θ}. (2.8.1)
As in the associative algebra case, we have the following category equivalence.
Theorem 2.9. The category g-modF is equivalent to the category gF -mod of finite dimensional
gF -modules. In particular, there is a one-to-one correspondence between isoclasses of simple
(respectively indecomposable) gF -modules and isoclasses of simple (respectively indecompos-
able) F -stable g-modules.
Proof. This follows immediately from the category equivalence between U(g)F -mod and
U(g)-modF given in [2, Theorem 3.2] and the category identification between U(g)-mod (re-
spectively U(gF )-mod) and g-mod (respectively gF -mod). More precisely, the equivalence is
given by the functors
ϕ :g-modF → gF -mod satisfying ϕ(V,f ) = V f ;
ϕ′ :gF -mod → g-modF satisfying ϕ′(X) = X ⊗ k.  (2.9.1)
In practice, it suffices to consider a (full) subcategory C(F) of g-modF whose objects are
F -stable modules V with fixed module Frobenius maps FV , where F = {FV }V , and whose mor-
phism sets are defined by
HomC(F)(V ,W) = Homg-ModF
(
(V ,FV ), (W,FW)
)
.
Proposition 2.10. For different selections F ,F ′ of module Frobenius morphisms, the category
C(F) is equivalent to the category C(F ′). In particular, C(F) is equivalent to g-modF .
Proof. Define a functor ψ : C(F) → C(F ′) by sending (V ,FV ) to (V ,F ′V ). We now define ψ(f )
for any f ∈ HomC(F)(V ,W). Since V FV ∼= V F ′V (see [2, 3.1]), this isomorphism induces an
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easily that ψ(f ) ∈ HomC(F ′)(V ,W). Clearly, ψ is a functor. By symmetry, we obtain functor
ψ ′ : C(F ′) → C(F). Finally, it is straightforward to check that there are natural isomorphisms
ψ ◦ ψ ′ ∼= idC(F) and ψ ′ ◦ ψ ∼= idC(F ′). By restricting ϕ defined in (2.9.1) to C(F) and noting
that im(ϕ′) is a full subcategory of the form C(F ′), for some F ′, we conclude C(F) ∼= C(F ′) ∼=
gF -mod. Now the last assertion follows from Theorem 2.9. 
3. Frobenius twist functor on g-mod
We have seen above that a Frobenius morphism on g induces naturally a Frobenius mor-
phism on the universal enveloping algebra U(g). Thus, using the category identification between
U(g)-mod and g-mod, we may transfer much of the theory on associative algebras developed
in [2] (except the part only for finite dimensional algebras) to a theory on Lie algebras. However,
for completeness and future applications, it is worthwhile to present the theory independently.
Throughout the section, let g be a Lie algebra over k with Frobenius morphism F . Let g-mod
be the category of all finite dimensional g-modules.
We now define Frobenius twists of g-modules via the Frobenius morphisms F on g.
Definition 3.1. Let g be a Lie algebra over k with Frobenius morphism F and let V be a g-module
defined by the Lie algebra homomorphism ρ : g → gl(V ) := Endk(V )−. This gives a Lie algebra
homomorphism ρ(1) : g(1) → Endk(V )(1). Thus, the composition ρ[1] of the following maps
g
F−1−→ g τg−→ g(1) ρ
(1)
−→ gl(V )(1) ∼= gl(V (1))
defines a g-module structure on V (1) with the following new action
x 
(
v(1)
)= (F−1(x)v)(1) for all x ∈ g, v ∈ V. (3.1.1)
We denote this module by V [1] and call it the Frobenius twist of M . Note that (3.1.1) defines the
representation ρ[1] : U(g) → Endk(V [1]) with
ρ[1](x) = τV ◦ ρ
(
F−1(x)
) ◦ τ−1V . (3.1.2)
Regarding V [1] as a U(g)-module, we have the following commutative diagram:
U(g) Endk(V [1])
U(g)(1) Endk(V )(1).


ρ[1]
ρ(1)
τU(g)◦F−1 (3.1.3)
If f : V → W is a g-module homomorphism, then the k-linear map f (1) : V (1) → W(1) be-
comes a g-module homomorphism V [1] → W [1] which is denoted by f [1] in the sequel. Thus,
we obtain a functor
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This functor will be called the Frobenius twist functor on g-mod. Clearly, it is a category equiv-
alence.
Inductively, we can define the s-fold Frobenius twists V [s] := (V [s−1])[1] of V and f [s] =
(f [s−1])[1] for s  1, where V [0] = V and f [0] = f by convention. Further, we can define V [−1]
to be the g-module W such that V ∼= W [1] and similarly, define f [−1], and inductively, V [s]
and f [s] for s < 0.
We may also twist a g-module V via a Frobenius map FV on V : define a new g-module V [FV ],
called the FV -twist of V , such that V [FV ] = V as a vector space together with a new (F -twisted)
g-action
x ∗ v := FV
(
F−1(x)F−1V (v)
)
for all x ∈ g, v ∈ V.
If ρ : g → gl(V ) and ρ[FV ] : g → gl(V [FV ]) denote the corresponding representations, then
ρ[FV ](x) = F(V,V )
(
ρ
(
F−1(x)
))= FV ◦ ρ(F−1(x)) ◦ F−1V for all x ∈ g, (3.1.5)
where F(V,V ) is the induced Frobenius map on gl(V ) (cf. Example 2.1(1)). Note that, if FV is a
module Frobenius map, then x ∗ v = xv and so V [FV ] = V as g-modules. Moreover, one checks
easily from (3.1.2) and (3.1.5) that the linear isomorphism τV ◦ F−1V : V [FV ] → V [1] is in fact a
g-module isomorphism. Thus, we have already proved the following.
Lemma 3.2. Up to isomorphism, the FV -twist V [FV ] is independent of the choice of the Frobenius
map FV on V , and is isomorphic to V [1].
We may also define inductively the s-fold FV -twist V [FV ]
s ∼= (V [FV ]s−1)[FV ] for each integer
s > 1. Clearly, we have V [FV ]s ∼= V [FsV ]; the latter is the F sV -twist of V whose g-action is defined
with respect to F s on g:
x ∗s v := F sV
(
F−s(x)F−sV (v)
)
for all x ∈ g, v ∈ V. (3.2.1)
Clearly, ∗s = ∗ for s = 1.
A g-module V is called F -periodic if V ∼= V [r] for some r  1. The minimal number r satisfy-
ing V ∼= V [r] is called the F -period of V , denoted by p(V ) = pF (V ). Clearly, if p(V ) = r , then
V,V [1], . . . , V [r−1] are pair-wise non-isomorphic. We call the list V,V [1], . . . , V [r−1], where
r = p(V ), the F -orbit of V .
Proposition 3.3. Let V be a g-module. Then g is F -periodic if and only if there exists a Frobenius
map FV on V and an integer r  1 such that F rV is a module Frobenius map on V (with respect
to F r on g). In particular, if g is a finite dimensional Lie algebra, then every g-module is F -
periodic.
Proof. The “if” part is clear since V = V [FrV ] ∼= V [r]. The converse is seen as follows. Suppose
φ : V [r] → V is a given isomorphism, and recall the map τ = τV,r : V → V [r]. Then F ′ = φ ◦ τ
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F ′(xv) = (φ ◦ τ)(xv) = φ((xv)(r))= φ(F r(x)  v(r))= F r(x)(φ ◦ τ)(v) = F r(x)F ′(v).
So F ′ is a module qr -Frobenius map. Now, by using a basis for V F ′ , we may define a q-
Frobenius map FV satisfying F rV = F ′.
In case g is finite dimensional, then, for any Frobenius map FV on V , F rV is a module Frobe-
nius map for some r . To see this, take k-basis {x1, . . . , xs} for g and k-basis {v1, . . . , vt } for V ,
such that, for x = ∑aixi ∈ g and v = ∑bjvj ∈ V , F(x) = ∑aqi xi , and FV (v) = ∑bqj vj .
Write xivj =∑ cij lvl, where cij l ∈ k. Then there is an integer r such that all ai, bj , cij l’s are
in Fqr . Thus, F rV (xv) = xv = F r(x)F rV (v). 
Corollary 3.4. Let V be a g-module.
(1) V is F -stable if and only if V ∼= V [1].
(2) If V is F -periodic, then there exists an F -stable module W such that V is isomorphic to a
direct summand of W .
Proof. The statement (1) follows directly from the proposition above. If p(V ) = r , then
p(W) = 1 where
W := V ⊕ V [1] ⊕ · · · ⊕ V [r−1].
So W is F -stable by (1), and V is a direct summand of W , proving (2). 
The proof of 3.3 provides a module Frobenius map FW on W which depends on a selection of
a g-module automorphism φ : W [1] → W . So this does not provide much information on the gF -
module WFW . The following construction of a module Frobenius map for an F -periodic module
is given in [2, §5].
Let V be F -periodic with F -period r = p(V ). Then, by Proposition 3.3, there is a Frobenius
map FV on V such that F rV is a module Frobenius map on V with respect to F r . This means
V [FrV ] = V as a g-module. Thus, V,V [FV ], . . . , V [Fr−1V ] are pairwise non-isomorphic. Let
V˜ = V ⊕ V [FV ] ⊕ · · · ⊕ V [Fr−1V ] (3.4.1)
and define a Frobenius map F˜V := FV ◦ π : V˜ → V˜ by
F˜V (v0, v1, . . . , vr−1) =
(
FV (vr−1),FV (v0), . . . ,FV (vr−2)
)
, (3.4.2)
where π is the permutation
(
0 1 ··· r−1
r−1 0 ··· r−2
)
.
Lemma 3.5. Let V be a g-module with F -period r = p(V ), and let FV be a Frobenius map on V
such that F rV is a module Frobenius map on the F r -stable module V . Define (V˜ , F˜V ) as above.
Then F˜V is a module Frobenius on the F -stable module V˜ . Moreover, by restricting the vector
space structure from Fqr to Fq and the action from gFr to gF , the gF -module V FrV is isomorphic
to V˜ F˜V .
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xv = (xv0,FV (F−1(x)F−1V (v1)), . . . ,F r−1V (F−r+1(x)F−r+1V (vr−1))),
it follows that
F˜V (xv) =
(
F(x)FV (vr−1),FV (xv0),F 2V
(
F−1(x)F−1V (v1)
)
, . . .
)
= (F(x)FV (vr−1),F (x) ∗1 FV (v0),F (x) ∗2 FV (v1), . . .)
= F(x)F˜V (v),
proving the first assertion. To see the second assertion, observe that (v0, v1, . . . , vr−1) ∈ V˜ F˜ if
and only if v0 ∈ V FrV . Thus, one checks easily that the map
f :V F
r
V → V˜ F˜V , v 
→ (v,F (v), . . . ,F r−1(v))
is a gF -module isomorphism. 
Theorem 3.6. Let V be an F -periodic g-module with r = p(V ), and let FV be a Frobenius map
on V such that F rV is a module Frobenius map with respect to F r . Let F˜ = F˜V be the module
Frobenius map on V˜ defined in (3.4.2).
(1) If V is simple, then V˜ F˜ is a simple gF -module, and EndgF (V˜ F˜ ) ∼= Fqr .
(2) If V is indecomposable, then V˜ F˜ is an indecomposable gF -module.
Moreover, every indecomposable or simple gF -module can be obtained in this way.
Proof. We give a proof for the simple case. The proof for the indecomposable case is similar,
involving care of the radical of endomorphism algebras; see [2, 5.1] for details in this case.
Let V be a simple g-module. Then V,V [FV ], . . . , V [F
r−1
V ] are all simple and no two of them
are isomorphic. Suppose V˜ F˜ has a proper non-zero submodule X ⊂ V˜ F˜ . Then X ⊗ k is a proper
F -stable submodule of V˜ . This implies that (X ⊗ k) ∩ V [F iV ] is a proper (non-zero) submodule
of V [F iV ] for some i, a contradiction. To see the isomorphism, observe
Endg(V˜ ) ∼= Endg(V )⊕ · · · ⊕ Endg
(
V [r−1]
)∼= k ⊕ · · · ⊕ k (r copies).
So we identify an element f ∈ Endg(V˜ ) with an r-tuple (a0, a1, . . . , ar−1) where ai ∈ k. Now, it
is direct to check that the induced Frobenius morphism F ′ := F˜
(V˜ ,V˜ )
of F˜ is given by
F ′(a0, a1, . . . , ar−1) =
(
a
q
r−1, a
q
0 , . . . , a
q
r−2
)
.
Hence,
Endg(V˜ )F
′ ∼= Fqr .
Now, the isomorphism Endg(V˜ )F
′ ∼= EndgF (V˜ F˜ ) (see 2.3) gives the required result. 
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between the isoclasses of indecomposable (respectively simple) gF -modules and the F -orbits of
the isoclasses of indecomposable (respectively simple) g-modules.
This establishes a close connection between representations of a finite Lie algebra g0 over the
finite field Fq and of its extension g = g0 ⊗ k over the algebraic closure k = F¯q .
4. Fq -forms of classical simple Lie algebras
The first application of the theory developed in the previous sections is a revisit to the Fq -form
problem of classical simple Lie algebras (see [17, IV]).
In this section, we assume that g is a classical simple Lie algebra over k with p = 2,3.
Thus, they are classified by Dynkin diagrams labelled by An (n  1), Bn (n  2), Cn (n  3),
Dn (n  4), En (n = 6,7,8), F4, G2 (see [17, II.10.1]). We may view such a g as a reduction
modulo p via a Chevalley basis of the corresponding complex simple Lie algebra gC. Thus, g =
gk := gZ ⊗Z k, where gZ is the Z-form of gC over Z spanned by a Chevalley basis of gC.2 Hence,
g admits a basis arising from the Chevalley basis of gC. We will call this basis the Chevalley basis
for g below. We shall use the idea of Frobenius morphisms on g to determine the Fq -forms of
classical Lie algebras, and hence to reproduce some classical results.
Fix a Cartan subalgebra h of g so that g = h +∑α∈R gα is the Cartan decomposition rel-
ative to h. Let {hi, eα | 1  i  dim(h), α ∈ R} be the Chevalley basis for g. Each eα defines
a (nilpotent) linear transformation ad eα on g by sending y ∈ g to [eαy]. Thus, for any a ∈ k,
xα(a) = exp(adaeα) is a linear automorphism on g, and the group G = G(h) generated by all
xα(a) is called the Chevalley group of g (constructed relative to h). Note that G is independent
of the choice of h as k is algebraically closed [17, IV.1.2]. Also, as an algebraic group, G is
connected and simple, and g = Lie(G) is the Lie algebra of G except that g is of type An with
p | n + 1. In this exceptional case, g ∼= Lie(G)′/Z(Lie(G)′) with Lie(G)′ = [Lie(G),Lie(G)]
(cf. [9, 5.4]).
Recall that for any σ ∈ Aut(g), σ can be written uniquely as σ = g ◦ γ , where g ∈ G and γ is
a graph automorphism (defined by a graph automorphism of the corresponding Dynkin graph).
Furthermore, Steinberg [18] proved (under the assumption p = 2,3) that Aut(g) = G  Γ is a
semi-direct product of the graph automorphism group Γ and G, and G is a normal subgroup
(cf. [17, III.5.1], and see also [7] for a generalization to small characteristics).
Let F0 be the standard Frobenius morphism on g which fixes the Chevalley basis of g. Then
g0 = gF0 is a split classical Lie algebra over Fq (of the same type as g) with respect to the Cartan
subalgebra hF0 . (Thus, g0 has a Cartan decomposition of the form g0 = hF0 +∑α gF0α .)
Let G∗F0 denote the G-orbit of F0. Elements in G∗F0 are called split Frobenius morphisms.
For notational simplicity in the rest of the section, we will write fg for the composition f ◦ g of
functions f and g.
Lemma 4.1.
(1) For any σ ∈ Aut(g), the fixed-point subalgebra of the Frobenius morphism σ ∗F0 = σ−1F0σ
is the split Lie algebra σ−1g0 with respect to the Cartan subalgebra σ−1hF0 .
2 There is an exception in the type An case when p | n + 1. In this exceptional case, g ∼= gk/Z(gk), where Z(gk) is
one-dimensional center of gk which is contained in all Cartan subalgebra of gk [17, II.3].
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(3) For any σ ∈ Aut(g), there exists g ∈ G such that σ−1F0σ = g−1F0g.
Proof. The statements (1) and (2) follow directly from the definitions, while (3) follows from (2)
and Steinberg’s theorem on Aut(g). 
Lemma 4.2. Let F0 be the standard Frobenius morphism on g.
(1) Let Φ : G → G, g 
→ F0gF−10 . It is a surjective endomorphism of G with a finite number offixed points.
(2) For any g ∈ G, there exists h ∈ G such that gF0 = h ∗ F0 = h−1F0h.
(3) Any Frobenius morphism F on g is a split Frobenius morphism followed by a graph auto-
morphism: F = γ ·F ′0 where γ ∈ Γ , F ′0 ∈ G∗F0. Moreover, such a decomposition is unique.
Proof. We first observe that Φ is the restriction of the Frobenius morphism F ′ = F(g,g) on the
affine space Endk(g). Since G is generated by elements of Aut(g) of the form xα(aeα), where
α ∈ R and a ∈ k, the surjectivity of Φ follows from the fact Φ(xα(a)) = xα(aq) which is seen by
acting Φ(xα(a)) on the Chevalley basis (see, e.g., [1, p. 64]). The fixed-point set GΦ is a subset
of Endk(g)F
′
and so it is finite, proving (1). Applying Lang–Steinberg’s theorem to Φ gives (2);
see footnote 1.
We now prove (3). Consider the map FF−10 on g. This is an automorphism of g. Hence it can
be uniquely written as γg where γ ∈ Γ and g ∈ G. Thus F = γ · gF0. By part (2), there is an
h ∈ G such that F ′0 := gF0 = h∗F0 ∈ G∗F0, and so F = γ ·F ′0 has the required decomposition,
proving the first assertion. Suppose now F = γ ′ · F ′′0 with γ ′ ∈ Γ and F ′′0 = h′ ∗ F0 ∈ G ∗ F0
is another decomposition. Then γg = FF−10 = γ ′(F ′′0 F−10 ) = γ ′g′ for g′ = F ′′0 F−10 ∈ Aut(g).
Furthermore g′ = F ′′0 F−10 = h′−1F0h′F−10 = h′−1Φ(h′) ∈ G, we must have γ = γ ′ and g = g′,
proving the uniqueness. 
Part (2) can be generalized to any Frobenius morphisms.
Corollary 4.3. Let F be a Frobenius morphism on g. For any g ∈ G, there exists h ∈ G such that
gF = h ∗ F = h−1Fh.
Proof. By part (3) above, F = γ ·g−1F0g for some γ ∈ Γ and g ∈ G. This implies FxF−1 ∈ G
for every x ∈ G. Thus, we obtain a surjective endomorphism x 
→ FxF−1 on G. Now the result
follows from Lang–Steinberg’s theorem. 
Remark 4.4. It is well known that a result of Steinberg [19, §11] similar to Lemma 4.2(3) holds
for a simple algebraic group G over k with a Frobenius morphism F (cf. [12, §1]). Thus, one
would derive Lemma 4.2(3) from Steinberg’s result by taking differentials of morphisms.
We are now ready to describe equivalence classes of Frobenius morphisms on g.
Theorem 4.5. Let g be a classical Lie algebra over the algebraically closed field k of character-
istic p > 3, and let F0 be the standard Frobenius morphism on g.
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(2) For any two Frobenius morphisms F1 and F2 on g with F1 = γ1 ·F ′0 and F2 = γ2 ·F ′′0 , where
γ1, γ2 ∈ Γ , F ′0,F ′′0 ∈ G ∗ F0,
F1 ∼ F2 if and only if γ1, γ2 are conjugate in Γ.
Therefore, there is a one-to-one correspondence between the equivalence classes of Frobenius
morphisms on g and the conjugacy classes in Γ of graph automorphisms on g.
Proof. (1) Write F ′0 = g−1F0g and put h = F ′0F−10 . Then h ∈ G and F = γ · hF0 =
(γ hγ−1)(γ · F0). Thus, (γ h−1γ−1)F = γ · F0. By Corollary 4.3, there exists h′ ∈ G such that
(γ h−1γ−1)F = h′−1Fh′, and therefore, F ∼ γ · F0 by Lemma 2.6.
(2) If γ1, γ2 are conjugate in Γ , then by Lemma 4.1(2), γ1 ·F0 ∼ γ2 ·F0. Thus, part (1) implies
F1 ∼ F2. Conversely, suppose F1 ∼ F2. Then we may assume by part (1) that F1 = γ1 · F0,
F2 = γ2 · F0. By Lemma 2.6, F1 = σ−1F2σ for some σ ∈ Aut(g). Write σ = gγ for g ∈ G and
γ ∈ Γ . Then
σ−1F2σ =
(
σ−1γ2σ
)(
σ−1F0σ
)
= γ−1g−1γ2gγ
(
g−1F0g
)
= (γ−1γ2γ )(γ−1γ−12 g−1γ2gγ )(g ∗ F0).
Since G is normal in Aut(g), it follows that g′ = γ−1γ−12 g−1γ2gγ ∈ G. By Corollary 4.3, there
is an h ∈ G such that g′(g ∗F0) = h−1(g ∗F0)h = (gh) ∗F0. Thus F1 = σ−1F2σ = (γ−1γ2γ ) ·
(gh ∗ F0). The uniqueness proved in Lemma 4.2(3) implies that γ1 = γ−1γ2γ (and F0 = (gh) ∗
F0). Therefore, γ1 and γ2 are conjugate in Γ . 
Corollary 4.6. Suppose F is an arbitrary given q-Frobenius morphism on a classical Lie alge-
bra g. If F ∼ γ · F0, then Fn ∼ γ n · Fn0 and gF
n ∼= gF ⊗Fq Fqn .
Proof. It is clear by noting that (γ · F0)n = γ n · Fn0 . 
By counting the number of conjugacy classes in Γ and noting the relation between the Fq -
forms and Frobenius morphisms (Lemma 2.6), we immediately reproduce the following well-
known result (see [17, IV.6.1]).
Corollary 4.7. The number of (non-isomorphic) Fq -forms of a classical simple Lie algebra g
over k with p > 3 is given as follows:
Types A1,B,C,G2,F4,E7,E8: one;
Types An (n > 1), Dn (n 5), E6: two;
Type D4: three.
Remark 4.8. (1) This is the main result in [17, §6], which is proved there by a different method
using Galois semi-automorphisms and 1-cohomology. Since Aut(g) = Aut(G) implies that g
and G have the same number of forms, one refers to [21] and [23, 17.6, 18.8] for the one-to-one
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case.
(2) According to the theorem, all forms of classical Lie algebras of type A1,B,C,G2,F4,
E7,E8 are split. For types An (n > 1), Dn (n  5), E6, and D4, we may obtain (split or non-
split) forms g0 by taking gF for F = γ · F0 where γ is a graph automorphism.
5. Restricted Lie algebras and their representations
From now on, we will assume that g is a finite dimensional restricted Lie algebra. Thus,
g is endowed with a p-map 〈p〉 satisfying certain conditions;3 see [10, p. 185] for more details.
Suppose F is a Frobenius morphism on g. Call F a restricted Frobenius morphism if it satisfies
the additional condition F(x〈p〉) = F(x)〈p〉.
Lemma 5.1. Suppose F is a Frobenius morphism on a restricted Lie algebra (g, 〈p〉).
(1) F is restricted if and only if gF is a restricted subalgebra of g over Fq .
(2) If F is restricted, then the (qn-)Frobenius morphism Fn is also restricted.
Proof. The statement (2) is clear. We now prove (1). If F is a restricted morphism, then, for any
x ∈ gF , F(x〈p〉) = F(x)〈p〉 = x〈p〉. Hence, x〈p〉 ∈ gF . So gF is really a restricted Fq -subalgebra.
Conversely, suppose gF is a restricted subalgebra over Fq . Fix a basis of g in gF : xi , i =
1,2, . . . , l. Then F(x〈p〉i ) = x〈p〉i for all i. For any y ∈ g, we write it uniquely as y =
∑
i∈I aixi
where ai = 0 and I is a subset of {1,2, . . . , l}. We now prove F(y〈p〉) = F(y)〈p〉 by induction
on |I |. Clearly, for |I | = 1, we have F((aixi)〈p〉) = apqi x〈p〉i = F(aixi)〈p〉. For |I | > 1, write
y =∑s∈I1 asxs +∑t∈I2 btxt = y1 + y2, where I is a disjoint union of non-empty subsets I1
and I2, and y1 =∑s∈I1 asxs and y2 =∑t∈I2 btxt . Since (y1 +y2)〈p〉 = y〈p〉1 +y〈p〉2 +Λp(y1, y2),
where Λp(y1, y2) is an Fp-linear combination of monomials ad z1 ad z2 · · · ad zp−1(zp) with each
zi ∈ {y1, y2}, it follows that
F
(
(y1 + y2)〈p〉
) = F (y〈p〉1 )+ F (y〈p〉2 )+ F (Λp(y1, y2)),(
F(y1 + y2)
)〈p〉 = F(y1)〈p〉 + F(y2)〈p〉 +Λp(F(y1),F (y2)).
(Here ad denotes the adjoint representation of g defined by adx(y) = [xy] for all x, y ∈ g.) By in-
duction, F(y〈p〉1 ) = F(y1)〈p〉 and F(y〈p〉2 ) = F(y2)〈p〉. Meanwhile, F is a Lie Fq -automorphism,
and hence satisfies F(Λp(y1, y2)) = Λp(F(y1),F (y2)). Therefore, we have F(y〈p〉) = F(y)〈p〉
for any x ∈ g, as desired. 
Example 5.2. (1) If g is a classical simple Lie algebra as discussed in Section 4, then g as the
Lie algebra of a linear algebraic group is naturally a restricted Lie algebra, and any Frobenius
morphism F on g is a restricted Frobenius morphism. This is because the p-map on g is the pth
power map on g. In particular, by the above lemma, the Fq -form gF of g is also a restricted Lie
algebra.
3 We did not use the traditional notation [p] for a p-map in this paper to avoid possible confusion with the Frobenius
twist functor [1].
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Frobenius morphism. This can be seen as follows. For any x, y ∈ g,
ad
(
F
(
x〈p〉
))
y = F (ad(x〈p〉)F−1(y))= F ((adx)pF−1(y))= ad(F(x))py = ad(F(x)〈p〉)y.
Hence, ad(F (x〈p〉)) = ad(F (x)〈p〉). Now the simplicity of g forces F(x〈p〉) = F(x)〈p〉.
Definition 5.3. (1) For χ ∈ g∗ define Uχ(g) = U(g)/Jχ , where Jχ is the ideal generated by
xp − x〈p〉 − χ(x)p for all x ∈ g. Each Uχ(g) is called a reduced enveloping algebra of g. If
χ = 0, then U0(g) is just the restricted enveloping algebra, which is called the u-algebra of g in
[10, p. 192].
(2) If V is a g-module defined by ρ : g → gl(V ) and χ ∈ g∗ then we say that V has p-
character χ if ρ(x)p − ρ(x〈p〉) = χ(x)pidV for all x ∈ g. The g-modules with p-character 0
correspond to the restricted representations ρ which satisfy: ρ(x)p = ρ(x〈p〉) for all x ∈ g.
We list a few facts about reduced enveloping algebras and p-characters (see [24], [20, Chap-
ter 5, §2]).
Lemma 5.4. Let χ ∈ g∗ and let g-modχ be the full subcategory of g-modules with p-character χ .
(1) If x1, . . . , xl is a basis of g then the algebra Uχ(g) has basis xn11 · · ·xnll , 0 ni  p for all
i = 1,2, . . . , l. In particular, all Uχ(g) have the same underlying vector space.
(2) Every simple g-module belongs to g-modχ for some χ ∈ g∗.
(3) The category isomorphism g-mod ∼= U(g)-mod induces for each χ ∈ g∗ a category isomor-
phism g-modχ ∼= Uχ(g)-mod. In particular, the g-module Uχ(g) itself has p-character χ
and is the regular representation of Uχ(g).
Part (2) is seen as follows. For any x ∈ g, ξ(x) = xp − x〈p〉 is in the center Z(U(g)) of U(g),
and the map ξ : U(g) → Z(U(g)) is p-semilinear. So, if V is a (finite dimensional) simple g-
module, then ξ(x) acts on V by a scalar. This scalar can be written as χ(x)p where χ : g → k
(see [20, 5.2.5]). The semilinearity of ξ implies that χ ∈ g∗. Thus, χ is the p-character of V .
We now bring Frobenius morphisms into the theory. Let F be a restricted Frobenius morphism
on g, and for χ ∈ g∗, let, as in 2.1(2),
χ [1] = F ∗(χ) = f ◦ χ ◦ F−1.
Thus, χ [1](x) = (χ(F−1x))q for x ∈ g. Inductively, we can define χ [r] = (χ [r−1])[1] for r > 1.
Note that one should not confuse χ [1] with the notation χ(1) (= χ) introduced in 2.7(2).
Proposition 5.5. Suppose F is a restricted Frobenius morphism on a restricted Lie algebra g.
Then F induces an Fq -algebra isomorphism F : Uχ(g) → Uχ [1](g) which is q-semilinear. In
particular, F is a Frobenius map on their common underlying k-space.
Proof. Clearly, F induces a Frobenius morphism on the associated k-algebra U(g) sending
the basis elements xn11 · · ·xnll to F(x1)n1 · · ·F(xl)nl . Putting ξχ (x) := xp − x〈p〉 − χ(x)p for
x ∈ U(g), we have
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(
ξχ (x)
)= F(x)p − F(x)〈p〉 − χ(x)pq
= F(x)p − F(x)〈p〉 − (f(χ(x)))p
= F(x)p − F(x)〈p〉 − (χ [1](F(x)))p
= ξχ [1]
(
F(x)
) ∈ Jχ [1] .
Thus, F carries the ideal Jχ into the ideal Jχ [1] , and hence induces an injective map from Uχ(g)
onto Uχ [1](g). Now, the result follows from a dimensional comparison. 
Recall from Remark 2.7(1) that we have a map τg : g → g(1). Clearly, it induces an Fq -algebra
isomorphism
τg : Uχ(g) → Uχ
(
g(1)
)= Uχ(g)(1).
Corollary 5.6. The q-semilinear isomorphism F from Uχ(g) to Uχ [1](g) induces a k-algebra iso-
morphism τg ◦ F−1 : Uχ [1](g) → Uχ(g(1)). In particular, it restricts to a g-module isomorphism
Uχ [1](g) ∼= Uχ(g)[1]. Hence, we have p(Uχ(g)) = p(χ), where p(χ) = min{l | χ [l] = χ}.
Proof. The first assertion is clear. Since Uχ(g)[1] = Uχ(g)(1) = Uχ(g(1)) by definition, restric-
tion gives the required g-module isomorphism. (Alternatively, both Uχ [1](g) and Uχ(g)[1] have
the same underlying space, and for x ∈ g and y ∈ Uχ(g)[1],
x ∗ y = F (F−1(x)F−1(y))= xy.
Thus, the identity map is the required g-module isomorphism.) 
Corollary 5.7. If V is a g-module with p-character χ , then
(1) V [1] is a g-module with p-character χ [1]. Hence, χ [1] = χ if V is F -stable;
(2) p(χ) | p(V ).
Proof. The commutative diagram (3.1.3) gives rise to a commutative diagram
Uχ [1](g) Endk(V [1])
Uχ(g)
(1) Endk(V )(1).


ρ[1]
ρ(1)
τU(g)◦F−1
So (1) follows immediately, and (2) follows from (1). 
Remark 5.8. As is well known, all simple modules of a finite dimensional Lie algebra g over an
algebraically closed field of characteristic p > 0 are finite dimensional with an upper bound. In
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the F -period p(χ) can be arbitrarily large, Corollary 5.7(2) and Theorem 3.6(1) show that there
is no upper bound for the dimensions of simple modules for any restricted Lie algebra over a
finite field. We will develop an approach towards a classification of simple gF -modules in the
next section.
If r = p(χ) > 1, then the induced Frobenius map F on the g-module Uχ(g) in 5.5 is not a
module Frobenius map. However, by the construction in (3.4.1) and (3.4.2), F gives rise to a
module Frobenius morphism F˜χ on
U˜χ (g) := Uχ(g)⊕Uχ [1](g)⊕ · · · ⊕Uχ [r−1](g),
where r = p(χ) = p(Uχ(g)) by 5.6. Define the usual multiplication on U˜χ (g) by
(a0, . . . , ar−1)(b0, . . . , br−1) = (a0b0, . . . , ar−1br−1),
for all (ai), (bi) ∈ U˜χ (g), so that U˜χ (g) is a finite dimensional associative algebra with identity
(1, . . . ,1). Since the (diagonal) g-action on U˜χ (g) induces in fact the regular representation
of the k-algebra U˜χ (g), the module Frobenius map F˜χ is really a Frobenius morphism on the
algebra U˜χ (g). On the other hand, it is clear that U˜χ (g) = U˜χ [1](g). So the algebra U˜χ (g) depends
only on the F -orbit
χ = (χ,χ [1], . . . , χ [r−1]) (5.8.1)
of χ . Thus, we will simply write Uχ(g) for U˜χ (g), Fχ for F˜χ , and call Uχ(g) the F -orbital
reduced enveloping algebra associated with the reduced enveloping algebra Uχ(g). Also Uχ(g),
as an associative unitary algebra, is a direct sum of the algebras Uχ [i−1](g), i = 0,1, . . . , r − 1,
and the diagonal map g → Uχ(g) induces an algebra epimorphism
U(g)Uχ(g). (5.8.2)
We first show that every g-module of p-character χ gives rise to an Fχ -stable module.
Lemma 5.9. Let V be a g-module of p-character χ . Then the F -stable g-module V˜ defined
in (3.4.1) is naturally an Fχ -stable Uχ(g)-module.
Proof. Let V be a g-module with p-character χ . Then, by 5.7(2), its F -period s = p(V ) has
a factor r = p(χ). By 3.3, we choose a Frobenius map FV on V satisfying V [FsV ] = V as a
g-module. Let
V ′ = V ⊕ V [FrV ] ⊕ · · · ⊕ V [Fr(t−1)V ],
where t = s/r , and take the Frobenius map FV ′ = (FV , . . . ,FV ) on V ′. Then V ′ is a Uχ(g)-
module with p(V ′) = r , and V˜ ′ = V ′ ⊕V ′[FV ′ ] ⊕· · ·⊕V ′[Fr−1V ′ ] ∼= V˜ is a U˜χ (g)-module satisfying
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′[Fr
V ′ ] = V ′ (i.e., F r
V ′ is a module Frobenius map on V
′ with respect to F rχ ). Thus, it induces a
module Frobenius map F˜V ′ on V˜ ′, and hence, on V˜ . Therefore, V˜ is Fχ -stable. 
We now characterize Fχ -stable Uχ(g)-modules via Uχ(g)-modules.
Theorem 5.10. Let g be a restricted Lie algebra with restricted Frobenius morphism F , and
let χ ∈ g∗ with p(χ) = r . A g-module W is an Fχ -stable Uχ(g)-module with module Frobenius
morphism FW if and only if there is a g-module V having p-character χ (hence, V is a Uχ(g)-
module) and F -period r such that V˜
ϕ∼= W as g-modules, where V˜ is defined with respect to a
Frobenius map FV on V satisfying V [FrV ] = V . Moreover, the isomorphism ϕ is compatible with
FW and F˜V . In other words, ϕ induces isomorphism WFW ∼= V˜ F˜V .
Proof. The sufficient part follows from the proof of the above lemma. We now prove the neces-
sary part.
Let e0, e1, . . . , er−1 be the central orthogonal idempotents of Uχ(g) such that eiUχ(g) ∼=
Uχ [i](g). Then W =
⊕r−1
i=0 eiW and Fχ(ei) = ei+1 where er = e0. Since FW is a module Frobe-
nius map with respect to Fχ , it follows that FW(eiW) ⊆ ei+1W . By a comparison of dimensions,
we must have FW(eiW) = ei+1W for all i. Let V = e0W . Then V is a g-module with p-
character χ , and V [FV ]
ϕ[1]∼= FW(V ) for any Frobenius map FV on V , where ϕ[1] = FW ◦ F−1V
satisfying ϕ[1](x ∗ v) = xϕ[1](v). In general, we have V [F iV ]
ϕ[i]∼= F iW (V ) where ϕ[i] = F iW ◦ F−iV .
Since F rW (V ) = V , F rW is a module Frobenius map in V (with respect to F r on g). We choose FV
on V such that F rV = F rW . Then F rV is a module Frobenius map with respect to F r on g such that
V [FrV ] = V as a g-module (cf. 3.3), and φ[r] = F rW ◦ F−rV = idV = φ[0]. Now, the Uχ(g)-module
isomorphism
φ[0] + φ[1] + · · · + φ[r−1] = ϕ : V˜ → W,
where V˜ = V ⊕ V [FV ] ⊕ · · · ⊕ V [Fr−1V ], is compatible with the Frobenius morphisms F˜V on V˜
and FW on W . 
Let Uχ(g)-modFχ denote the abelian category of Fχ -stable modules (cf. Definition 2.8). Let
Uχ(g)-modr = Uχ(g)-modr,F denote the category whose objects are pairs (V ,f ), where V is a
Uχ(g)-module of period r and f is a Frobenius map on V such that the f r -twist (with respect
to F r ) V [f r ] = V as g-modules. The morphisms in Uχ(g)-modr are given by
Homg-modr
(
(V ,f ), (W,g)
)= {θ ∈ Homg(V ,W) ∣∣ θf = gθ}.
Remark 5.11. For each F r -stable module V , we choose a fixed Frobenius map FV with
V [FrV ] = V and form a full subcategory C of Uχ(g)-modr consisting of objects (V ,FV ). Then,
similar to the proof of Lemma 2.10, we can prove that C is equivalent to Uχ(g)-modr .
Corollary 5.12. If p(χ) = r , then the categories Uχ(g)-modr and Uχ(g)-modFχ are equivalent.
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sending (V ,f ) to (V˜ , f˜ ). Conversely, by the proof of Theorem 5.10, Uχ(g) = e0Uχ(g)e0. De-
fine a functor Φ : Uχ(g)-modFχ → Uχ(g)-modr sending (W,FW) to (e0W,f ), where f is a
Frobenius map on e0W satisfying f r = F rW . 
Theorem 5.10 motivates the following definition.
Definition 5.13. A gF -module V0 is said to have p-character χ if V0 ⊗ k is an Fχ -stable Uχ(g)-
module. Let gF -modχ denote the full subcategory of gF -mod consisting of gF -modules with
p-character χ .
Theorem 5.14. Maintain the notation above and let χ ∈ g∗. The restriction to gF -modχ of the
category equivalence given in Theorem 2.9 gives a category equivalences
gF -modχ ∼= Uχ(g)-modFχ ∼= Uχ(g)Fχ -mod.
Proof. The equivalence Θ : Uχ(g)-modFχ → Uχ(g)Fχ -mod follows from [2, 3.2]. The base
change functor X 
→ X ⊗ k induces a functor Φ : gF -modχ → Uχ(g)-modFχ . We now con-
struct a functor Ψ : Uχ(g)Fχ -mod → gF -modχ . For any x = (x, x, . . . , x) ∈ Uχ(g), where x ∈ g,
Fχ(x) = x if and only if F(x) = x. Thus, the diagonal embedding g → Uχ(g) (compatible with
F and Fχ ) induces an embedding gF → Uχ(g)Fχ . Hence, every Uχ(g)Fχ -module restricts to
a gF -module. We defined Ψ to be the restriction functor. Now, it is routine to check that the
following natural isomorphisms
Ψ ◦ (Θ ◦Φ) ∼= idgF -modχ and (Θ ◦Φ) ◦Ψ ∼= idUχ (g)Fχ -mod
hold. 
6. Classification of simple gF -modules
In this section, we develop procedures to determine simple gF -modules.
Recall from Section 2 that Aut(g) is the automorphism group of g. Let G := Aut(g)〈p〉 denote
the subgroup of Aut(g) consisting of all automorphisms σ preserving the p-map, i.e., σ(x〈p〉) =
σ(x)〈p〉 for all x ∈ g. Then each σ ∈ G gives an isomorphism of algebras σ : Uχ(g) ∼→ Uσχ (g)
sending x to σ(x) for all x ∈ g, where σ  χ = χ ◦ σ−1. Thus, we have the following result.
Lemma 6.1. Every σ ∈ G induces a category isomorphism ( )σ−1 : g-modχ ∼→ g-modσχ
sending a Uχ(g)-module V to the Uσχ (g)-module V σ
−1
, where V σ−1 = V with g-action:
x · v = σ−1(x)v for all x ∈ g, v ∈ V .
Thus, classification of simple g-modules can be done via the following procedure.
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(1) Find a set X = {χi}i∈I of representatives of the G-orbits in g∗.
(2) Determine all simple g-modules {Li,λ | λ ∈ Λi} in g-modχi .
(3) Every simple g-module is of the form Lσi,λ, for some i ∈ I , λ ∈ Λi and σ ∈ G.
Since Theorem 3.6 implies that, for a finite restricted Lie algebra g0 over Fq , the classi-
fication of simple g0-modules can be done in principle via simple g-modules determined in
Procedure 6.2, one would expect there is a similar procedure to determine simple g0-modules.
However, as we shall see below, such a procedure is much more complicated.
Let g = g0 ⊗ k be equipped with the restricted Frobenius morphism F = idg0 ⊗ f. Thus,
gF = g0. From the category isomorphism g-modχ ∼= g-modσχ , it is natural to expect a category
isomorphism or equivalence gF -modχ ∼= gF -modσχ . However, the next result shows that this
seems not the case. As in Section 4, we continue to omit ◦ for compositions of functions.
For every σ ∈ G, the Frobenius morphism F ′ := σ−1 ∗F = σFσ−1 is also restricted and, by
the proof of 2.6, σ induces a Lie algebra isomorphism σ : gF ∼→ gF ′ . This results in a category
isomorphism
( )σ
−1
:gF -mod → gF ′ -mod, (6.2.1)
by taking a gF -module V to the gF ′ -module V σ−1 .
Proposition 6.3. Let g be a restricted Lie algebra with restricted Frobenius morphism F and let
χ ∈ g∗. Then every σ ∈ G induces a category isomorphism gF -modχ → gF ′-modσχ , where
F ′ = σ−1 ∗ F = σFσ−1, and χ ′ stands for the F ′-orbit of χ ′ as in (5.8.1). Moreover, pF (χ) =
pF ′(χ ′).
Proof. We have seen that σ induces an isomorphism Uχ(g) ∼= Uσχ (g), and hence, an isomor-
phism
σ˜ : Uχ(g) ∼−→ U := Uσχ (g)⊕Uσχ [1](g)⊕ · · · ⊕Uσχ [r−1](g),
where r = p(χ). If we put χ [1]′ := (F ′)∗(χ) = fχF ′−1, then
σ  χ [1] = fχF−1σ−1 = fχσ−1F ′−1 = (σ  χ)[1]′ = χ ′[1]′ ,
where χ ′ = σ χ . This implies that σ χ [i] = χ ′[i]′ for all i, and hence, pF (χ) = pF ′(χ ′). Also,
U = Uχ ′ ⊕Uχ ′[1]′ ⊕ · · · ⊕Uχ ′[r−1]′ = Uχ ′(g).
Thus, we obtain an algebra isomorphism σ˜ : Uχ(g) ∼→ Uχ ′(g). This isomorphism is compatible
with the Frobenius morphisms Fχ on Uχ(g) and F ′χ ′ on Uχ ′(g). Hence, there is an algebra
isomorphism of fixed-point algebras
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F ′
χ ′
,
which gives a category isomorphism
( )σ˜
−1 : Uχ(g)Fχ -mod ∼−→ Uχ ′(g)
F ′
χ ′
-mod.
Now the category equivalence gF -modχ ∼= gF ′ -modχ ′ follows from Theorem 5.14. 
The result above shows that, if F ′ = σFσ−1 = F , the category gF -modχ is not generally
equivalent to the category gF -modσχ . Thus, unlike what we have seen from 6.1, simple gF -
modules in gF -modσχ cannot be determined by those in gF -modχ . However, we have the
following results.
Theorem 6.4. Let g be a restricted Lie algebra with restricted Frobenius morphism F , and let
χ ∈ g∗ with F -period p(χ) = r . Then there is a one-to-one correspondence of simple modules in
gF -modχ and the F r -orbits of simple g-modules in g-modχ .
Proof. If L is a simple module in g-modχ , then r | p(L) by 5.7(2). Hence, the F r -orbit of L
in Uχ(g)-mod is a subset of the F -orbits in g-mod. Since, by definition, every simple module
in gF -modχ is isomorphic to L˜F˜ , for some simple module L in g-modχ , our assertion follows
from 3.7. 
If a category C′ is equivalent to a full subcategory of another category of C, we say that there
is a category embedding C′ ↪→ C.
Theorem 6.5. Let g be a restricted Lie algebra with restricted Frobenius morphism F , and let
χ ∈ g∗ with p(χ) = r and σ ∈ G. Assume that F rσ = σF r . Then there is a category embedding
gF -modσχ ↪→ gF -modχ . If, in addition, p(χ) = p(σ χ), then there is a category equivalence
gF -modσχ
∼−→ gF -modχ .
Proof. First, the condition F rσ = σF r together with χ [r] = χ implies that
(σ  χ)[r] = frχσ−1F−r = frχF−rσ−1 = σ  χ [r] = σ  χ.
Thus, r ′ := p(σ  χ) | r .
Let F ′ = σFσ−1. Then pF ′(σ  χ) = pF (χ) = r . By 5.12 and 6.3, there are category equiva-
lences
gF -modχ ∼= gF ′-modσχ ∼= Uσχ (g)-modr,F ′ and
gF -modσχ ∼= Uσχ (g)-modFσχ ∼= Uσχ (g)-modr ′,F .
Hence, it suffices to show that the category Uσχ (g)-modr ′,F is equivalent to a full subcategory
of Uσχ (g)-modr,F ′ , where r = pF ′(σ  χ).
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-twist (with respect to F r ′ ) V [f r
′ ] = V as g-
module. In other words, V is F r ′ -stable. Now, consider the g-module V with Frobenius map f
and its f r -twist V [f r ]′ with respect to F ′. Since r ′ | r and F r = (F ′)r , it follows that V [f r ] = V .
Thus, V is (F ′)r -stable. In other words, V has F ′-period r . This shows that Uσχ (g)-modr ′,F is
naturally a full subcategory of Uσχ (g)-modr,F ′ , proving the first assertion.
If r = r ′, then Uσχ (g)-modr ′,F = Uσχ (g)-modr,F ′ , and the last assertion follows. 
Corollary 6.6. Maintain the assumption in the above theorem and suppose p(σ  χ) = 1. If
every simple module in Uσχ (g)-mod is F -stable, then every simple module in Uχ(g)-mod has
F -period r .
Proof. By Lemma 6.1, the number m of simple g-modules in Uχ(g)-mod is the same as that
in Uσχ (g)-mod. By 6.4, the number m of simple modules in gF -modχ is at most m. Since,
by 6.5, the category gF -modσχ is equivalent to a full subcategory of gF -modχ , m is at least m.
Hence, m = m. Consequently, every F r -orbit of simple modules in Uχ(g)-mod is a singleton,
and hence, every simple module in Uχ(g)-mod has F -period r . 
Consider a G-orbit Gχ for χ ∈ g∗ and let (Gχ)[1] = {(σ χ)[1] | σ ∈ G} and (Gχ)[i] =
((G  χ)[i−1])[1] for i  2.
Lemma 6.7. Let χ ∈ g∗ and let r ′ be the minimal integer i  1 such that χ [i] ∈ G  χ . Then
(1) (G  χ)[1] = G  χ [1]. Hence, (G  χ)[r ′] = G  χ ;
(2) For any σ ∈ G, σ  χ ∩Gχ = {σ χ, (σ χ)[r ′], (σ χ)[2r ′], . . .}, the (F ∗)r -orbit of σ χ .
Proof. Observe first that, if F and F ′ are restricted Frobenius map on g then, F ′F−1 ∈ G. In
particular, we have Fσ−1F−1 = σ−1(σFσ−1)F−1 ∈ G for all σ ∈ G. Using this fact, we have
(σ  χ)[1] = f(χσ−1)F−1 = fχF−1(Fσ−1F−1)= σ ′  χ [1],
where σ ′ = Fσ−1F−1. Hence, (G  χ)[1] ⊆ G  χ [1]. Conversely, for any τ ∈ G, we have
τ  χ [1] = fχF−1τ−1 = fχ(F−1τ−1F )F−1 = (τ ′  χ)[1], (6.7.1)
where τ ′ = F−1τ−1F . Hence, G  χ [1] ⊆ (G  χ)[1], proving (1).
To see (2), we need to show that, if (σ  χ)[i] ∈ G  χ , then r ′ | i. Clearly, r ′  i. Write
i = ar ′ + b with 0 b < r ′. Then
(σ  χ)[i] = ((σ  χ)[ar ′])[b] = (σ ′  χ)[b] = σ ′′  χ [b].
Thus, the minimality of r ′ forces b = 0. 
Thus, for χ ∈ g∗, Gχ is a disjoint union of (F ∗)r ′ -orbits. Let G  χ denote a subset of Gχ
consisting of representatives of (F ∗)r ′ -orbits in G  χ .
J. Du, B. Shu / Journal of Algebra 321 (2009) 3197–3225 32196.8. Procedure to determine simple gF -modules.
(1) Choose a set X = {χi}i∈I of representatives of the G-orbits in g∗ such that F ∗(X) = X.
(2) Determine simple g-modules in g-modχ , for every χ ∈ X, where X is a subset of X consist-
ing of representatives of F ∗-orbits in X.
(3) For χ ′ ∈ X, determine simple gF -modules in gF -modχ ′ .
(4) For χ ′ ∈ X and χ ∈ G  χ ′, determine simple gF -modules in gF -modχ .
By the above lemma, 6.8(4) determines all simple gF -modules. By 6.4, the number of simple
gF -modules in gF -modχ is the same as the number of the F r -orbits of simple g-modules in
g-modχ , where r = p(χ), and the orbit size determines the dimension of the corresponding
simple module.
Also, in practice, the representative χi for the orbit Gχi should be selected to have a minimal
period p(χi). For example, if p(χi) = 1, i.e., χ [1]i = χi , then, by 6.6, simple gF -modules in
gF -modχi can be classified easily.
7. Simple sl(2,Fq)-modules
We give an example to illustrate our theory. Assume p > 2 for simplicity.
Throughout the section, let g = sl(2, k) and G = GL(2, k), and let F be the standard Frobenius
morphism sending (aij ) to (aqij ). Then gF = sl(2,Fq) and there is a homomorphism π : G →
Aut(g)〈p〉, which sends g ∈ G to the adjoint action g on g, with the kernel consisting of diag(a, a)
for a ∈ k×. By Theorem 4.7, every Frobenius morphism F ′ on g = sl(2, k) is equivalent to F .
Thus, with the category isomorphism (6.2.1), it suffices to work with F .
We follow Procedures 6.2 and 6.8. First, we review the explicit construction of simple g-
modules in g-modχ for all χ ∈ X; see [6] or [16]. Then, we explicitly describe all simple
gF -modules in g-modχ for all χ ∈ X. Finally, we determine, for σ ∈ G and χ ∈ X, most of
simple gF -modules in g-modσχ by applying 6.5 and 6.6. See [13] for a different approach to
characterize simple g-modules and simple gF -modules by using the Casimir operator.4
We use the standard basis for both g and gF :
e =
(0 1
0 0
)
, f =
(0 0
1 0
)
, h =
(1 0
0 −1
)
, (7.0.1)
and take b = ke + kh and h = kh. Thus, h∗ ∼= k. The p-map on g in this case is in fact the pth
power map. Thus, e〈p〉 = 0, f 〈p〉 = 0 and h〈p〉 = h. Every linear function χ ∈ g∗ is determined
by the values b = χ(e), c = χ(f ) and d = χ(h), which will be abbreviated as χ(e,f,h) =
(b, c, d). Since χ [1] = F ∗(χ) = fχF−1, it follows that χ [1](e, f,h) = (bq, cq, dq) and so p(χ) =
min{l | d, b, c ∈ Fql }.
4 More precisely, with the notation given in (7.0.1), let C0 := h2 +2h+4f e be the Casimir element, and let C1 := f p ,
C2 := ep and C3 := hp − h. These elements are all in the center of U(g). Associated with a given simple g-module M ,
there are scalars ci (M) defined by the action of Ci on M for i = 0,1,2,3. The main result in [13] says that M is
realizable in Fq , i.e. M = M0 ⊗Fq k for a gF -module M0, if and only if all ci (M) ∈ Fq . Moreover, for a given sequence
(c0, c1, c2, c3) (ci ∈ k), a sufficient and necessary condition is given for the existence of a simple g-module M satisfying
ci (M) = ci for all i.
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σ ∈ G,A ∈ gl(2, k). This induces the coadjoint action of G on g: σ  χ = χ ◦ Ad(σ−1) for all
σ ∈ G, χ ∈ g∗. The trace form tr(−,−) on gl(2, k) defined by setting tr(A,B) = trace(AB) for
all A,B ∈ gl(2, k) is non-degenerate and induces a map gl(2, k) → g∗, A 
→ tr(−,A), which is
G-equivariant. Thus, there is a bijection between the adjoint orbits in gl(2, k) and the coadjoint
orbits in g∗. Since the adjoint orbits have representatives of the form
(
s 1
0 s
)
or
(
r 0
0 t
)
, (7.0.2)
it follows that there are three different kinds of coadjoint orbits in g∗, represented by the elements
0 (the restricted type); e (the regular nilpotent type);
ah, 0 = a = r − t ∈ k (the semisimple type)
in g under coadjoint action of G. The corresponding χ are
(R) χ0 with χ0(e, f,h) = (0,0,0);
(N) χe with χe(e, f,h) = (0,1,0);
(S) χah with χah(e, f,h) = (0,0, a).
Let Xrns = {χ0, χe,χah | a ∈ k, a = 0}. We first construct all non-isomorphic simple modules
in g-modχ for all χ ∈ Xrns.
For χ ∈ Xrns, let X(χ) := {μ ∈ h∗ | λp − λ = χ(h)p}. Since χ(e) = 0, every λ ∈ X(χ) de-
fines a one-dimensional Uχ(b)-module kλ = k with action e.1 = 0 and h.1 = λ1 on the basis
element 1. Thus, we obtain a baby Verma module:
Zχ(λ) = Uχ(g)⊗Uχ (b) kλ.
Each simple Uχ(g)-module is the unique quotient Lχ(λ) of a baby Verma module Zχ(λ) for
some λ ∈ X(χ). The selection of λ depends on the type of χ .
Case R: χ = 0. This is the restricted enveloping algebra case with X(0) = {0,1, . . . , p − 1}.
There are p non-isomorphic simple U0(g)-modules Lχ(λ), λ ∈ X(0). If v0 is a vector in Lχ(λ)
of weight λ, then we may choose a basis {vi = 1i!f iv0 | i = 0,1, . . . , λ} for Lχ(λ) with the
following g-actions (see [8, §7.2, Exercise 7.5]): for all 0 i  λ,
⎧⎨
⎩
h.vi = (λ− 2i)vi,
e.vi = (λ− i + 1)vi−1,
f.vi = (i + 1)vi+1.
(7.0.3)
Here v−1 = 0 = vp .
If χ = 0 is one of the last two types (N) and (S), then Zχ(λ) has a basis {vi = f i ⊗ 1 |
0 i < p}, on which the action takes the form (see [11, 5.4]):
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h.vi = (λ− 2i)vi,
e.vi = i(λ− i + 1)vi−1 (here v−1 := 0),
f.vi =
{
vi+1 if i < p − 1,
χ(f )pv0 if i = p − 1.
(7.0.4)
Case N: χ = χe . In this case, we have again X(χe) = {0,1, . . . , p − 1}, but Lχ(λ) = Zχ(λ) for
all λ ∈ X(χe) (noting p > 2). Since Zχ(λ) ∼= Zχ(p − λ − 2) for all 0  λ  p − 2, there are
(p + 1)/2 non-isomorphic simple modules.
Case S: χ = χah (0 = a ∈ k). Then Uχ(g) is semisimple and Lχ(λ) = Zχ(λ) for every root λ of
the equation λp − λ = ap .
We now construct all non-isomorphic simple modules in gF -modχ for every χ ∈ Xrns, where
gF = sl(2,Fq).
For any simple module Lχ(λ) given above, let FL be the standard Frobenius morphism
on Lχ(λ) which fixes every basis element vi . Since the coefficients in (7.0.3) and (7.0.4) for
the restricted or regular nilpotent type are all in Fp , we immediately have the following.
Lemma 7.1. Let χ = χ0 or χe . Then χ [1] = χ and every simple module Lχ(λ) is F -stable. Thus,
the Sχ(λ) := Lχ(λ)FL , for λ ∈ {0,1, . . . , p− 1} if χ = 0 (respectively λ ∈ {0,1, . . . , p−12 ,p− 1}
if χ = χe) form a complete list of simple modules in the full subcategory gF -modχ .
We shall simply write S0(λ), Se(λ) for Sχ0(λ), Sχe (λ) below.
We now assume that χ = χah is of semisimple type and that r = p(χah). Then χ(e) =
0 = χ(f ), χ(h) = a and r is the smallest integer with aqr = a (i.e., r = pf(a)). In this case,
Lχ(λ) = Zχ(λ), where λ ∈ k satisfies λp − λ = ap . These p solutions λ determine p pairwise
non-isomorphic simple modules of Uχ(g). Let s be the smallest integer with λq
s = λ. Then
(
aq
s )p = (ap)qs = (λq − λ)qs = λp − λ = ap.
Thus, aqs = a and so r | s. Since Zχ(λ)[i] ∼= Zχ [i](λqi ), it follows that p(Zχ(λ)) = s. Putting
Sa(λ) = Z˜χ (λ)
F˜
, where
a = {a, aq, . . . , aqr−1}, λ = {λ,λqr , . . . , λqr(t−1)} (t = s/r),
we see from 3.6 that Sa(λ) is a simple gF -module. Note that a as the f-orbit of a corresponds
to the F -orbit of χah and λ is the fr -orbit of λ. Note also that every member in λ is a solution
to λp − λ = ap and the solution set is a disjoint union of fr -orbits λa,1, . . . , λa,la which index
the simple module in gF -modχah . Applying 3.6, we now can state the following classification
theorem for simple gF -modules.
Theorem 7.2. Assume char(k) > 2. Let g = sl(2, k) and F the standard Frobenius morphism
sending (aij ) to (aqij ). Let S be a simple gF -module in gF -modχ with χ ∈ Xrns. Then,
(1) If χ = χ0 then S ∼= S0(λ) for some λ ∈ {0,1, . . . , p − 1};
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over Fq ;
(3) If χ = χah then S ∼= Sa(λ) for some λ ∈ {λa,1, . . . , λa,la }.
We now explicitly describe the action of sl(2,Fq) on Sa(λ) via a basis. Let
v0 := (v0, v0, . . . , v0) ∈ Sa(λ),
where the number of the components is s. Since the Frobenius morphism F on sl(2, k) fixes the
generators e, f,h, we have, by (7.0.4) and (3.4.1), f i.v0 = (vi, . . . , vi) for all 0 i  p− 1, and
h.v0 = (λv0, λqv0, . . . , λqs−1v0). Thus,
hq
j
.v0 =
(
λq
j
v0, λ
qj+1v0, . . . , λ
qt−1v0, λ
qv0, . . . , λ
qj−1v0
)
(0 j  s − 1).
If we put vij = f ihqj .v0 (and note that v00 = v0), then
vij =
(
λq
j
vi, λ
qj+1vi, . . . , λ
qs−1vi, λvi, λ
qvi, . . . , λ
qj−1vi
)
.
Proposition 7.3. The set {vij | 0  i  p − 1, 0  j  s − 1} forms a basis for the simple
sl(2,Fq)-module Sa(λ). The action of sl(2,Fq) is given by the following formulas:
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
(1) h.vij = cj0vi0 + cj1vi1 + · · · + cj,s−1vi,s−1 − 2ivij ,
(2) e.vij =
{0 if i = 0,
icj0vi−1,0 + icj1vi−1,1 + · · · + icj,s−1vi−1,s−1 − i(i − 1)vi−1,j if i > 0,
(3) f.vij =
{
vi+1,j if i < p − 1,
0 if i = p − 1.
Proof. The proof for the first assertion is straightforward by using the Van der Monde determi-
nant in λ,λq,λq2 , . . . , λqs−1 . We now derive the actions of h, e, f . By the definition of s, the set
{λ,λq,λq2 , . . . , λqs−1} of all roots of the minimal polynomial of λ forms an Fq -basis for Fqr .
Write
μ := λqj+1 = cj0λ+ cj1λq + · · · + cj,s−1λqs−1 , j = 0,1, . . . , s − 1,
where cij ∈ Fq for all 0 i  p − 1 and 0 j  s − 1. Then by (7.0.4) and (3.2.1)
h.vij =
(
λq
j
(λ− 2i)vi, λqj+1(λq − 2i)vi, . . . , λqj−1
(
λq
s−1 − 2i)vi)
= (μvi,μqvi, . . . ,μqs−1vi)− 2ivij
=
(
s−1∑
t=0
cjtλ
qt vi,
s−1∑
t=0
cjtλ
qt+1vi, . . . ,
s−1∑
t=0
cjtλ
qt+s−1vi
)
− 2ivij
= cj0vi0 + cj,1vi1 + · · · + ci,s−1vi,s−1 − 2ivij .
Similarly, in the second case, we have
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(
λq
j
i(λ − i + 1)vi−1, λqj+1 i
(
λq − i + 1)vi−1, . . . , λqj−1 i(λqs−1 − i + 1)vi−1)
= (iμvi−1, iμqvi−1, . . . , iμqs−1vi−1)− i(i − 1)vi−1,j .
Same computation as in the first case gives the required formula. The last case is clear. 
Remarks 7.4. (1) The simple module Sa(λ) is not necessarily a “highest weight” module for
the finite Lie algebra sl(2,Fq), which is different from the situation over an algebraically closed
field.
(2) Denote by τ the involution automorphism of g defined via sending e, f,h to f, e,−h, re-
spectively. Then τ gives rise to an equivalence, still denoted by τ , from g-mod to itself. Under τ ,
Uχah(g)-mod is equivalent to Uχ−ah(g)-mod. In particular, τ(Lχah(λ)) = Lχ−ah(−λ). Further-
more, τ gives rise to an equivalence between gF -modχah to gF -modχ−ah , sending Sa(λ) to
S−a(−λ).
We now consider simple modules in gF -modχ for an arbitrary χ ∈ g∗, following the ideas
developed in the last section. This can be done similarly though explicit construction of modules
is almost impossible.
For r  1, let
(G  χ)r =
{
σ  χ ∣∣ σ ∈ G, p(σ  χ) = r}.
Then G  χ is a disjoint union:
G  χ =
∐
r1
(G  χ)r . (7.4.1)
Lemma 7.5. Maintain the notation above. We have
(1) (G  χ0)r = ∅ for all r  2, i.e., G  χ0 = (G  χ0)1;
(2) (G  χe)r = ∅ for every r  1;
(3) (G  χah)r = ∅ unless r = p(a)/2 or p(a) r .
Moreover, for r  1, χ ′ ∈ Xrns and χ ∈ (Gχ ′)r , where p(a) r if χ ′ = χah, there exists σ ∈ G
such that F rσ = σF r and χ = σ  χ ′. If χ ′ = χah and p(a) = 2r , then there exists σ ∈ G such
that F 2rσ = σF 2r and χ = σ  χ ′.
Proof. Suppose χ(e,f,h) = (b, c, d), and let r = p(χ) = min{l | b, c, d ∈ Fql }. Then χ =
tr(−,D), where D :=
(
d c
b 0
)
∈ gl(2, k). Choose an invertible matrix σ ∈ G such that σ−1Dσ
is one of the matrices given in (7.0.2). Then χ ′ := σ  χ ∈ Xrns.
Let  = (χ) = d2 + 4bc. This is the discriminant of the characteristic equation |xI −D| =
x2 − dx − bc = 0. Obviously,  is an invariant of χ under G-coadjoint action.
If χ ′ = χ0 = 0, then χ = χ ′ = 0 is F -stable (and  = 0), proving (1).
Next, suppose now χ = 0, but  = 0. Then, D has eigenvalues d2 , d2 with eigenvector
(
d
2
b
)
or(
c
− d
)
, but is not diagonalizable. Thus, χ ′ = χe . In this case, σ can be taken from GL(2,Fqr ), and2
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(
d
2 1
b 0
)
if d = 0, while σ =
(
0 1
b 0
)
(respectively
σ =
(
c 0
0 1
)
) if d = 0 but b = 0 (respectively c = 0).) In this case, for every r  1, choose d ∈
Fqr \ Fqr−1 and χ with χ(e,f,h) = ( d2 , d2 , d). Then χ ∈ (G  χe)r , proving (2).
Finally, we consider the case when χ = 0 and  = 0. Then D has two distinct eigenvalues
d+√
2 ,
d−√
2 . Thus, χ
′ = χah with a =
√
. Here
√
 is a fixed square root of  satisfying√
 = d if bc = 0. In this case, σ can be taken as
(
d −c
b d
)
if bc = 0, or
(
d+√ d−√
2b 2b
)
, otherwise.
In particular, r = p(χ) = p(a)/2 if a = √ /∈ Fqr , proving (3).
The last assertion is clear from the above proof. 
Applying 6.5 yields immediately the following result.
Corollary 7.6. For all σ ∈ G, there are category embeddings:
⎧⎪⎪⎨
⎪⎪⎩
(1) gF -modχe ↪→ gF -modσχe ,
(2) gF -modχah ↪→ gF -modσχah if p(a) p(σ  χah),
(3) gF -modσχah ↪→ gF -modχah if p(a) = 2p(σ  χah).
By Theorem 7.2 together with 6.6, we obtain the following classification of simple sl(2,Fq)-
modules.
Theorem 7.7. Assume char(k) > 2. Let g = sl(2, k), G = GL(2, k), and let F be the standard
Frobenius morphism on g sending (aij ) to (aqij ). Let r  1.
(1) There are p simple gF -modules with p-character χ0 (= χ0) which are listed in 7.2(1).
(2) For any χ ∈ (G χe)r , there are p+12 simple gF -modules in gF -modχ with the same dimen-
sion pr , arising from the list in 7.2(2).
(3) For any a ∈ k× and χ ∈ (G  χah)r , if p(a)  r , there are at least la simple modules in
gF -modχ arising from the list in 7.2(3), while, if p(a) = 2r , then there are at most la simple
modules in gF -modχ . Here la is the number of simple gF -modules in gF -modχah .
Proof. Statement (2) follows from the category embedding 7.6(1) and Corollary 6.6, while (3)
follows from 7.6(2) and (3). 
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